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                \begin{document}$P_{C}:\mathcal{H}\rightarrow C$\end{document}$, is defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ P_{C}(x):=\arg \min_{y\in C} \Vert x-y \Vert ^{2}, \quad x\in \mathcal{H}. $$\end{document}$$

Let *C* be a nonempty closed convex subset of $\documentclass[12pt]{minimal}
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                \begin{document}$F: C\rightarrow \mathcal{H}$\end{document}$ be a nonlinear operator. The so-called variational inequality (in short, $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\langle F\bigl(u^{*}\bigr),v-u^{*}\bigr\rangle \geq 0, \quad \forall v\in C. $$\end{document}$$ The variational inequalities have many important applications in different fields and have been studied intensively, see \[[@CR1], [@CR2], [@CR4], [@CR7]--[@CR14], [@CR17], [@CR24], [@CR26], [@CR27], [@CR31], [@CR32], [@CR36], [@CR38]--[@CR40], [@CR42]--[@CR46]\], and the references therein.
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                \begin{document}$\mathcal{H}$\end{document}$ and *λ* is an arbitrary positive constant.

A class of variant variational inequalities is the inverse variational inequality (in short $\documentclass[12pt]{minimal}
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                \begin{document}$$ f\bigl(\xi ^{*}\bigr)\in C, \quad \bigl\langle \xi ^{*}, v-f\bigl(\xi ^{*}\bigr)\bigr\rangle \geq 0, \quad \forall v\in C, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$f: \mathcal{H}\rightarrow \mathcal{H}$\end{document}$ is a nonlinear operator. The inverse variational inequalities are also widely used in many different fields such as the transportation system operation, control policies, and the electrical power network management \[[@CR20], [@CR22], [@CR41]\].

Now we give a brief overview of the properties and algorithms of inverse variational inequalities. For the properties of inverse variational inequalities, Han et al. \[[@CR16]\] proved that the solution set of any monotone inverse variational inequality is convex. He \[[@CR18]\] proved that the inverse variational inequality $\documentclass[12pt]{minimal}
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The following lemma reveals the intrinsic relationship between variational inequalities and inverse variational inequalities.

Lemma 1.1 {#FPar1}
---------

(\[[@CR23], [@CR34]\])
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As for the existence and uniqueness of solutions for Lipschitz continuous and strongly monotone inverse variational inequalities, Luo et al. \[[@CR34]\] proved the following result.

Lemma 1.2 {#FPar2}
---------

(\[[@CR34], Lemma 1.3\])

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\operatorname{IVI}(C,f)$\end{document}$ *has one and only one solution*.

It is easy to see that conditions ([4](#Equ4){ref-type=""})--([6](#Equ6){ref-type=""}) are not only rather harsh, but also nonessential.

The main iterative algorithms to approximate the inverse variational inequalities ([3](#Equ3){ref-type=""}) are projection methods \[[@CR28]\]. He et al. \[[@CR21], [@CR23]\] introduced PPA-based methods, exact proximal point algorithm and inexact proximal point algorithm, for monotone inverse variational inequalities and constrained 'black-box' inverse variational inequalities, respectively. They also gave the prediction-correction proximal point algorithm and the adaptive prediction-correction proximal point algorithm. Under certain conditions, the convergence rate of these algorithms is proved to be linear. Based on Lemma [1.2](#FPar2){ref-type="sec"}, Luo et al. \[[@CR34]\] introduced several regularized iterative algorithms to solve monotone and Lipschitz continuous inverse variational inequalities.

There is also a lot of research on the properties of the inverse variational inequalities. We refer the reader to the papers \[[@CR29], [@CR30], [@CR35], [@CR37]\], and the references therein for the well-posedness of inverse variational inequalities. Very recently, Chen et al. \[[@CR6]\] obtained the optimality conditions for solutions of constrained inverse vector variational inequalities by means of nonlinear scalarization.

Although inverse variational inequalities have a wide range of applications, they have not received enough attention. For example, some fundamental problems, including the existence and uniqueness of solutions, still need further study.

In this paper, based on Lemma [1.1](#FPar1){ref-type="sec"}, we firstly prove that $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{IVI}(C,f)$\end{document}$ has a unique solution if *f* is Lipschitz continuous and strongly monotone. This means that conditions ([4](#Equ4){ref-type=""})--([6](#Equ6){ref-type=""}) are all redundant and therefore can be eliminated. By making full use of the existing results, an iterative algorithm, named alternating contraction projection method (ACPM), is proposed for solving Lipschitz continuous and strongly monotone inverse variational inequalities. The strong convergence of the ACPM is proved and the convergence rate estimate is obtained. Furthermore, for the case that the structure of *C* is very complex and the projection operator $\documentclass[12pt]{minimal}
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                \begin{document}$P_{C}$\end{document}$ is difficult to calculate, we introduce the alternating contraction relaxation projection method (ACRPM) and prove its strong convergence. Some numerical experiments, which show advantages of the proposed algorithms, are provided. The results in this paper extend and improve the related existing results.

Preliminaries {#Sec2}
=============

In this section, we list some concepts and tools that will be used in the proofs of the main results. In the sequel, we use the notations: (i)→ denotes strong convergence;(ii)⇀ denotes weak convergence;(iii)$\documentclass[12pt]{minimal}
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The next inequality is trivial but in common use.

Lemma 2.1 {#FPar3}
---------

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Vert x+y \Vert ^{2}\leq \Vert x \Vert ^{2}+2\langle y,x+y \rangle , \quad \forall x,y\in \mathcal{H}. $$\end{document}$$

Definition 2.1 {#FPar4}
--------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Lemma 2.2 {#FPar5}
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By using Lemma [2.2](#FPar5){ref-type="sec"} and the definition of variational inequality ([1](#Equ1){ref-type=""}), we get the following results.
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The following two lemmas are crucial for the analysis of the proposed algorithms.
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An existence and uniqueness theorem {#Sec3}
===================================

In this section, with the help of Lemma [1.1](#FPar1){ref-type="sec"}, an existence and uniqueness theorem of solutions for inverse variational inequalities is established.

Firstly, applying Lemma [2.3](#FPar6){ref-type="sec"}, Lemma [2.4](#FPar7){ref-type="sec"}, and Banach's contraction mapping principle, it is not difficult to get the following well-known result.

Theorem 3.1 {#FPar10}
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Secondly, we show the following two facts.

Lemma 3.1 {#FPar11}
---------
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Proof {#FPar12}
-----
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Lemma 3.2 {#FPar13}
---------
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-----
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On the other hand, noting that *f* is *L*-Lipschitz continuous, we obtain $$\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar15}
-----------
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Remark 3.1 {#FPar17}
----------
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An alternating contraction projection method {#Sec4}
============================================
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Algorithm 4.1 {#FPar18}
-------------

(The alternating contraction projection method)

Take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{0}\in C$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi _{0}^{(0)}\in \mathcal{H}$\end{document}$ arbitrarily and set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n:=0$\end{document}$.For the current $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi _{n}^{(0)}$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 0$\end{document}$), calculate $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \xi ^{(m+1)}_{n}=\xi ^{(m)}_{n}- \alpha f\bigl(\xi ^{(m)}_{n} \bigr)+\alpha u_{n}, \quad m=0,1,\ldots,m _{n}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m_{n}$\end{document}$ is the smallest positive integer such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{(1-\tau )^{m_{n}+1}}{\tau } \bigl\Vert \xi ^{(1)}_{n}- \xi ^{(0)}_{n} \bigr\Vert \leq \varepsilon _{n}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tau =\frac{1}{2}\alpha (2\eta -\alpha L^{2})$\end{document}$.Set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \xi _{n}=\xi ^{(m_{n}+1)}_{n}. $$\end{document}$$Calculate $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ u_{n+1}=P_{C}(u_{n}-\mu \xi _{n}), $$\end{document}$$ and set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \xi ^{(0)}_{n+1}=\xi _{n}, $$\end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n:=n+1$\end{document}$ and return to Step 2.

We now establish the strong convergence of Algorithm [4.1](#FPar18){ref-type="sec"}.

Theorem 4.1 {#FPar19}
-----------
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Proof {#FPar20}
-----
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Secondly, using Lemma [2.4](#FPar7){ref-type="sec"} again, we claim that the mapping $\documentclass[12pt]{minimal}
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As for the convergence rate of Algorithm [4.1](#FPar18){ref-type="sec"}, we have the following result.

Theorem 4.2 {#FPar21}
-----------
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Proof {#FPar22}
-----

Estimate ([18](#Equ18){ref-type=""}) can be obtained easily by using ([16](#Equ16){ref-type=""}) repeatedly. By combining ([18](#Equ18){ref-type=""}) and ([17](#Equ17){ref-type=""}), we have ([19](#Equ19){ref-type=""}). ([20](#Equ20){ref-type=""}) and ([21](#Equ21){ref-type=""}) can be gotten by substituting $\documentclass[12pt]{minimal}
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An alternating contraction relaxation projection method {#Sec5}
=======================================================

Algorithm [4.1](#FPar18){ref-type="sec"} (ACPM) can be well implemented if the structure of the set *C* is very simple and the projection operator $\documentclass[12pt]{minimal}
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                \begin{document}$P_{C}$\end{document}$ is easy to calculate. However, the calculation of a projection onto a closed convex subset is generally difficult. To overcome this difficulty, Fukushima \[[@CR13]\] suggested a relaxation projection method to calculate the projection onto a level set of a convex function by computing a sequence of projections onto half-spaces containing the original level set. Since its inception, the relaxation technique has received much attention and has been used by lots of authors to construct iterative algorithms for solving nonlinear problems, see \[[@CR25]\] and the references therein.
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                \begin{document}$\mathcal{H}$\end{document}$, and *∂c* is a bounded operator (i.e., bounded on bounded sets). It is worth noting that the subdifferential operator is bounded for a convex function defined on a finite dimensional Hilbert space (see \[[@CR3], Corollary 7.9\]).
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Adopting the relaxation technique of Fukushima \[[@CR13]\], we introduce a relaxed projection algorithm for computing the unique solution $\documentclass[12pt]{minimal}
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Algorithm 5.1 {#FPar23}
-------------

(The alternating contraction relaxation projection method)
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Next theorem establishes the strong convergence of Algorithm [4.1](#FPar18){ref-type="sec"}.

Theorem 5.1 {#FPar24}
-----------
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Proof {#FPar25}
-----

For convenience, we denote by *M* a positive constant, which represents different values in different places. Firstly, we verify that $\documentclass[12pt]{minimal}
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Next we estimate the convergence rate of Algorithm [5.1](#FPar23){ref-type="sec"}. Note that the conditions $\documentclass[12pt]{minimal}
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                \begin{document}$\sum_{n=0}^{\infty }\lambda _{n}=\infty $\end{document}$ guarantee the strong convergence, but slow down the convergence rate. Since it is difficult to estimate the asymptotic convergence rate of Algorithm [5.1](#FPar23){ref-type="sec"}, we will focus on the convergence rate of Algorithm [5.1](#FPar23){ref-type="sec"} in the non-asymptotic sense. Based on Lemma [1.1](#FPar1){ref-type="sec"} and Theorem [5.1](#FPar24){ref-type="sec"}, estimating the convergence rate of Algorithm [5.1](#FPar23){ref-type="sec"} for $\documentclass[12pt]{minimal}
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The analysis of the convergence rate is based on the fundamental equivalence: a point $\documentclass[12pt]{minimal}
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A useful inequality for estimating the convergence rate of Algorithm [5.1](#FPar23){ref-type="sec"} is given as follows.

Lemma 5.1 {#FPar26}
---------
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                \begin{document}$$ \begin{aligned}[b] & \bigl\langle f^{-1}(v),w_{n}-v \bigr\rangle \\ &\quad \leq \frac{ \Vert u _{0}-v \Vert ^{2}+\mu ^{2}(\sigma _{1}+\sigma _{2})+2\mu (\sigma _{3}+\sigma _{4} \Vert v \Vert +\mu \sigma _{5})}{\varUpsilon _{n}}, \quad \forall v\in C, \end{aligned} $$\end{document}$$ *where* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered} \sigma _{1}= \sum_{k=0}^{\infty }\lambda _{k}^{2} \bigl\Vert f^{-1}(u_{k}) \bigr\Vert ^{2}, \quad \quad \sigma _{2}=\sum_{k=0}^{\infty } \lambda _{k}^{2}\varepsilon _{k}^{2}, \\ \sigma _{3}=\sum_{k=0}^{\infty } \lambda _{k}\varepsilon _{k} \Vert u_{k} \Vert , \quad\quad \sigma _{4}=\sum_{k=0}^{\infty } \lambda _{k}\varepsilon _{k}, \\ \sigma _{5}=\sum_{k=0}^{\infty } \lambda _{k}^{2}\varepsilon _{k} \bigl\Vert f^{-1}(u_{k}) \bigr\Vert , \quad\quad w_{n}= \frac{\sum_{k=0}^{n}2\mu \lambda _{k}u_{k}}{\varUpsilon _{n}},\quad \textit{and} \quad \varUpsilon _{n}=\sum _{k=0}^{n}2\mu \lambda _{k}. \end{gathered} $$\end{document}$$

Proof {#FPar27}
-----
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Finally we are in a position to estimate the convergence rate of Algorithm [5.1](#FPar23){ref-type="sec"}.

Theorem 5.2 {#FPar28}
-----------
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Proof {#FPar29}
-----
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Numerical experiments {#Sec6}
=====================

In this section, in order to show the practicability and effectiveness of Algorithm [4.1](#FPar18){ref-type="sec"} (ACPM), we present two examples in the setting of finite dimensional Hilbert spaces. The codes were written in Matlab 2009a and run on personal computer.
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It is worth noting that for the following two examples, condition ([6](#Equ6){ref-type=""}) is not satisfied, so the method proposed by Luo et al. \[[@CR34]\] could not be used. However, Algorithm [4.1](#FPar18){ref-type="sec"} can be implemented easily.
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-----------
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